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Abstract
In this paper, we shall consider an infinite-derivative theory of gravity, with
a view to making it renormalisable. First, we derive the modified superficial
degree of divergence. Next, we establish that the theory is invariant under
BRS (Becchi-Rouet-Stora) transformations. Consequently, we show that the
corresponding Slavnov identities hold for the theory. Finally, we summarise
our results and discuss renormalisability.
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1 Introduction
Renormalisability plays a very important role in establishing a successful theory of
quantum gravity. Pure gravity is a non-renormalisable theory [1]. Moreover, higher-
derivative gravitational theories are typically plagued by ghosts. In the seminal paper
by Stelle [2, 3], it was shown that fourth-derivative gravity is renormalisable, albeit
at the expense of including the Weyl ghost.
Non-locality [4, 5, 6, 7] is a promising framework with connections to string the-
ory [8] within which the quest for a satisfactory theory of quantum gravity can be
realised. Using spin projector operators [9] for the physical degrees of freedom for
the graviton, ghosts can be avoided in the context of infinite-derivative theories of
gravity [10, 11]. One can ensure that no new propagating degrees of freedom are
introduced in the modified graviton propagator, apart from the massless graviton.
Therefore, we would like to propose a ghost-free, nonlocal, infinite-derivative gravita-
tional action and investigate its renormalisability.
A ghost-free gravitational theory was presented in Refs. [10, 11]. In the action de-
rived by Biswas, Gerwick, Koivisto and Mazumdar (BGKM), the graviton propagator
is modulated by the exponential of an entire function a(−k2) = ek
2/M2 [12],
Π(k2) =
1
k2a(−k2)
(
P2 −
1
2
P0s
)
=
1
a(−k2)
ΠGR , (1.1)
resulting in no poles in the propagator apart from the massless graviton. In the in-
frared (IR), the physical graviton propagator of General Relativity (GR) is recovered,
as it should be the case.
Within the context of an infinite-derivative scalar toy model, UV finiteness of
Feynman diagrams has been argued (by the use of dressed vertices and dressed prop-
agators) [13, 14, 15]. Moreover, within that context, the external momentum depen-
dence of scattering diagrams is convergent for large external momenta [16]. Again in
that context, in a system of n particles, the mass scale of non-locality decreases as
2
the number of particles n increases [17]. Furthermore, in Ref. [18], the Hamiltonian
for an infinite-derivative theory of gravity was derived and the corresponding number
of degrees of freedom was computed.
The outline of this paper is as follows. First, in section 2, we write down the
quantised BGKM action. Then, in section 3, we derive the modified superficial degree
of divergence for the action. In section 4, we show that the action is invariant under
BRS transformations. In section 5, we demonstrate that the corresponding Slavnov
identities hold for the action. Finally, in section 6, we discuss renormalisability.
2 Gravitational action
If we consider metric fluctuations around the Minkowski background,
gµν = ηµν + hµν , (2.1)
we can define the quantum theory in harmonic gauge,
∂ν h¯
µν = 0 , (2.2)
where
h¯µν = hµν −
1
2
ηµνh⇒ h¯
µν = hµν −
1
2
ηµνh . (2.3)
h¯µν is called the trace-reverse of hµν since h¯ = η
µν h¯µν = −h, where h = η
µνhµν . Note
that hµν = ηµρηνσhρσ ⇒ h¯
µν = ηµρηνσh¯ρσ. Furthermore, hµν = h¯µν −
1
2
ηµν h¯.
The quantised BGKM action must contain:
Squantised = S + SGF + Sghost
= SEH + SQ −
1
2ξ
∫
d4xFτF()F
τ +
∫
d4x C¯τ ~F
τ
µνD
µν
α C
α . (2.4)
where
S = SEH + SQ , (2.5)
SEH =
1
2
∫
d4xM2PR , (2.6)
SQ =
1
2
∫
d4x
(
RF1(¯)R +RµνF2(¯)R
µν +RµνλσF3(¯)R
µνλσ
)
, (2.7)
where ¯ = /M2. SGF is the gauge-fixing term and Sghost is the ghost-antighost action
while ξ is a finite parameter. We have that F τ = ~F τµνh
µν and ~F τµν = δ
τ
µ
~∂ν−
1
2
δτση
σρηµν~∂ρ
(the arrow indicates the direction in which the derivative acts). Cσ is the ghost field
and C¯τ is the antighost field; both are anticommuting. D
µν
α is the operator generating
gauge transformations in the graviton field hµν , given an arbitrary infinitesimal vector
field ξα(x) (corresponding to x
′µ = xµ − ξµ).
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That is, δhµν = δgµν = Lξgµν = ξ
ρ∂ρgµν + gµρ∂νξ
ρ + gρν∂µξ
ρ = Dµναξ
α, where L
is the Lie derivative and
Dµναξ
α = ∂µξν + ∂νξµ + hαν∂µξ
α + hµα∂νξ
α + ξα∂αhµν .
Accordingly,
Dµνα = ηαν∂µ + ηµα∂ν + hαν∂µ + hµα∂ν + ∂αhµν . (2.8)
We can raise indices in (2.8) using the Minkowski tensors.
Moreover, the Fi’s, i = 1, 2, 3, are analytic functions of :
Fi(¯) =
∞∑
n=0
fin¯
n , (2.9)
where thefin ’s are real coefficients.
If we change the gauge-fixing term to read F τ = eτ (x) [3], with eτ (x) an arbitrary
4-vector function, we can smear out the gauge condition with a weighting functional.
Choosing the weighting functional
ω(eτ ) = exp
[
i
(
−
1
2ξ
∫
d4x eτF()e
τ
)]
, (2.10)
where ξ is a finite parameter, we obtain the gauge-fixing term (see [3] for a derivation
of the gauge-fixing term in non-local theories),
SGF = −
1
2ξ
∫
d4xFτF()F
τ . (2.11)
Finally, the Faddeev-Popov ghost-antighost action is given by
Sghost =
∫
d4x C¯τ ~F
τ
µνD
µν
α C
α . (2.12)
It should be pointed out that the Faddeev-Popov ghost fields are benign (in contrast
to the Weyl ghost). In the next section, we shall derive the modified superficial degree
of divergence.
3 Modified superficial degree of divergence for infinite-
derivative gravitational action
To proceed, let us introduce the following notations:
• nh is the number of graviton vertices,
• nG is the number of anti-ghost-graviton-ghost vertices,
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• nK is the number of K-graviton-ghost vertices,
• nL is the number of L-ghost-ghost vertices,
• Ih is the number of internal graviton propagators,
• IG is the number of internal ghost propagators,
• EC is the number of external ghosts,
• EC¯ is the number of external anti-ghosts.
By counting the exponential contributions of the propagators and the vertex factors,
we can now obtain the superficial degree of divergence, which is given by
E = nh − Ih , (3.1)
where nh is the number of graviton vertices, and Ih is the number of internal graviton
propagators. By using the following topological relation,
L = 1 + Ih + IG − nh − nG − nK − nL , (3.2)
we get
E = 1− L+ IG − nG − nK − nL . (3.3)
Employing the momentum conservation law for ghost and anti-ghost lines,
2IG − 2nG = 2nL + nK − EC − EC¯ , (3.4)
we obtain
E = 1− L−
1
2
(nK + EC + EC¯) . (3.5)
Note that, as nK , EC and EC¯ increase, the degree of divergence decreases. Therefore,
the most divergent diagrams are those for which nK = EC = EC¯ = 0, i.e., the
diagrams whose external lines are all gravitons. In this case, the degree of divergence
is given by: E = 1−L. For L > 1, E < 0 and the corresponding loop amplitudes are
superficially convergent.
4 BRS transformations for infinite-derivative grav-
itational action
The BRS (Becchi-Rouet-Stora) transformations for BGKM gravity, appropriate for
the gauge-fixing term, SGF, are given by
δBRSh
µν = Dµνα C
αδλ , (4.1)
δBRSC
α = −∂βC
αCβδλ , (4.2)
δBRSC¯τ = −
1
ξ
F()Fτδλ , (4.3)
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where δλ is an infinitesimal anticommuting constant parameter. The BRS transfor-
mation of the gravitational field is just a gauge transformation of hµν generated by
Cαδλ; thus, gauge-invariant functionals of hµν , like S, are BRS-invariant.
4.1 Nilpotence of the Ghost Field
The transformation of Cα is nilpotent:
δBRS
(
∂βC
σCβ
)
= δBRS (∂βC
σ)Cβ + ∂βC
σδBRSC
β
= ∂β
(
−∂λC
σCλδλ
)
Cβ + ∂βC
σ
(
−∂λC
βCλδλ
)
= −∂β∂λC
σCλδλCβ − ∂λC
σ∂βC
λδλCβ − ∂βC
σ∂λC
βCλδλ
= 0 , (4.4)
where the first term vanishes by the interchange of β and λ and the commutativity of
partial derivatives and the last two terms cancel due to the anticommutativity of Cβ
and δλ and relabelling of indices. We have also assumed that ∂β and δBRS commute.
4.2 Nilpotence of the Graviton Field
The transformation of hµν is also nilpotent:
δBRS (D
µν
α C
α) = δBRS (∂
µCν + ∂νCµ − ηµν∂αC
α + (∂αC
µhαν + ∂αC
νhαµ − Cα∂αh
µν − ∂αC
αhµν))
= ∂µδBRSC
ν + ∂νδBRSC
µ
− ηµν∂αδBRSC
α + (∂αδBRSC
µhαν + ∂αC
µδBRSh
αν
+ ∂αδBRSC
νhµα + ∂αC
νδBRSh
µα − δBRSC
α∂αh
µν − Cα∂αδBRSh
µν
− ∂αδBRSC
αhµν − ∂αC
αδBRSh
µν)
= −Cα(∂α∂
µCν + ∂α∂
νCµ − ηµν∂α∂λC
λ + (∂α∂λC
µhλν + ∂λC
µ∂αh
λν + ∂α∂λC
νhµλ
+ ∂λC
ν∂αh
µλ))δλ
+ ∂αC
µ(∂αCν + ∂νCα − ηαν∂λC
λ +
(
∂λC
αhλν + ∂λC
νhαλ
−Cλ∂λh
αν − ∂λC
λhαν
)
)δλ
+ ∂αC
ν(∂αCµ + ∂µCα − ηαµ∂λC
λ +
(
∂λC
αhλµ + ∂λC
µhαλ
−Cλ∂λh
αµ
− ∂λC
λhαµ
)
)δλ
+ ∂λC
αCλ∂αh
µνδλ
− ∂αC
α(∂µCν + ∂νCµ − ηµν∂λC
λ + (∂αC
µhαν + ∂αC
νhαµ
−Cλ∂λh
µν − ∂λC
λhµν
)
)δλ
− (∂µ∂βC
νCβ + ∂βC
ν∂µCβ)δλ− (∂ν∂βC
µCβ + ∂βC
µ∂νCβ)δλ
+ ηµν(∂α∂λC
αCλ + ∂λC
α∂αC
λ)δλ+ [−(∂α∂βC
νCβ + ∂βC
ν∂αC
β)hµα
− (∂α∂βC
µCβ + ∂βC
µ∂αC
β)hαν + (∂α∂λC
αCλ + ∂λC
α∂αC
λ)hµν ]δλ
= 0 . (4.5)
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We see that all of the terms cancel due to the anticommutation of the partial deriva-
tives of the ghost field. Moreover, the term −CαCλ∂α∂λh
µνδλ vanishes due to the
commutativity of partial derivatives.
4.3 BRS Invariance of the Effective Action
Assuming that ∂ν and δBRS commute, then
δBRSF
τ = ∂ν (δBRSh
τν) . (4.6)
In addition,
δBRSFτ = ητµ∂ν (δBRSh
µν) = ∂ν (δBRSh
ν
τ ) . (4.7)
In the variations to follow, we shall assume that δBRS and F() commute.
The variation of the gauge-fixing term is
δBRS
(
−
1
2ξ
∫
d4xFτF()F
τ
)
= −
1
2ξ
∫
d4x (δBRS (FτF()F
τ))
= −
1
2ξ
∫
d4x (δBRS (ητµ (∂νh
µν)F()F τ))
= −
1
2ξ
∫
d4x (δBRS ((∂νh
µν)F()Fµ))
= −
1
2ξ
∫
d4x (∂ν (D
µν
α C
αδλ)F()Fµ)
−
1
2ξ
∫
d4x ((∂νh
µν) δBRS (F()Fµ))
= −
1
2ξ
∫
d4x (∂ν (D
µν
α C
αδλ)F()Fµ)
−
1
2ξ
∫
d4x ((∂νh
µν)F() (δBRSFµ)) . (4.8)
We know that  = ∂µ∂
µ. Therefore, by integrating by parts successively (in fact, 2n
times) in the second term and using the fact that the integrals of total divergences
are equal to zero, we see that the second term is equal to the first term.
Hence,
δBRS
(
−
1
2ξ
∫
d4xFτF()F
τ
)
= −
1
ξ
∫
d4x (F()Fτ (∂ν (D
τν
α C
α)) δλ) . (4.9)
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The variation of the ghost-antighost action is
δBRS
∫
d4x
(
C¯τ
−→
F τµνD
µν
α C
α
)
=
∫
d4x
((
δBRSC¯τ
)−→
F τµνD
µν
α C
α + C¯τδBRS
(
−→
F τµνD
µν
α C
α
))
= −
1
ξ
∫
d4x
(
F()Fτδλ
(
δτµ∂ν (D
µν
α C
α)
)
+ C¯τ∂ν (δBRS (D
τν
α C
α))
)
=
1
ξ
∫
d4x (F()Fτ (∂ν (D
τν
α C
α)) δλ) , (4.10)
due to the nilpotence of hµν ; we have also used the fact that Cα and δλ anticommute.
We observe that the variations of the gauge-fixing term and the ghost-antighost
action cancel each other.
It can be seen that the computation of the variations does not depend on the
power n of the box operator in the gauge-fixing term and the BRS transformation of
the antighost. Hence, the above results hold for any power n, so, by the principle of
linear superposition, for a gauge-fixing term of the form
−
1
2ξ
∫
d4xFτF()F
τ (4.11)
and a BRS antighost transformation
δBRSC¯τ = −
1
ξ
F()Fτδλ . (4.12)
Essentially, the only part of the ghost action which varies under the BRS transfor-
mations is the antighost C¯τ . Consequently, the BRS transformation of the antighost
has been chosen to make the variation of the ghost action cancel the variation of the
gauge-fixing term. Hence, the action Squantised is BRS-invariant.
If we also include BRS-invariant couplings of the ghosts and gravitons to some
external fields Kµν (anti-commuting) and Lσ (commuting), we obtain the effective
action S˜, as:
S˜ = Squantized +KµνD
µν
α C
α + Lσ∂βC
σCβ , (4.13)
where S˜ is also BRS-invariant.
5 Slavnov identities
5.1 Green’s Functions
Let us consider the expanded generating functional of Green’s functions,
Z[Tµν , β¯σ, β
τ , Kµν , Lσ] = N
∫
[Πµ≤νdh
µν ] [dCσ]
[
dC¯τ
]
exp[i(Σ˜
(
hµν , Cσ, C¯τ , Kµν , Lσ
)
+ β¯σC
σ + C¯τβ
τ + Tµνh
µν)] . (5.1)
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β¯σ and β
τ are anticommuting sources for the ghost and antighost fields respectively,
while Kµν is an anticommuting external field and Lσ a commuting one.
The effective action is
Σ˜ = S −
1
2ξ
FτF()F
τ + C¯τ
−→
F τµνD
µν
α C
α +KµνD
µν
α C
α + Lσ∂βC
σCβ . (5.2)
We have that
δBRSΣ˜ = 0 . (5.3)
Then
δBRSh
µν δΣ˜
δhµν
+ δBRSC
σ δΣ˜
δCσ
+ δBRSC¯τ
δΣ˜
δC¯τ
= 0
⇒ Dµνα C
αδλ
δΣ˜
δhµν
− ∂βC
σCβδλ
δΣ˜
δCσ
−
1
ξ
F()Fτδλ
δΣ˜
δC¯τ
= 0
⇒
δΣ˜
δKµν
δΣ˜
δhµν
+
δΣ˜
δLσ
δΣ˜
δCσ
+
1
ξ
F()Fτ
δΣ˜
δC¯τ
= 0, (5.4)
making use of the couplings. It should be pointed out that left variational derivatives
are used with respect to anticommuting quantities:
δf(Cσ) = δCτδf/δCτ . (5.5)
The reduced effective action is
Σ = Σ˜ +
1
2ξ
FτF()F
τ . (5.6)
Since
δΣ˜
δKµν
=
δΣ
δKµν
,
δΣ˜
δLσ
=
δΣ
δLσ
,
δΣ˜
δCσ
=
δΣ
δCσ
,
δΣ˜
δC¯τ
=
δΣ
δC¯τ
, (5.7)
we have
δΣ˜
δKµν
δΣ˜
δhµν
+
δΣ˜
δLσ
δΣ˜
δCσ
+
1
ξ
F()
−→
F τµνh
µν δΣ˜
δC¯τ
=
δΣ
δKµν
(
δΣ
δhµν
−
δ
δhµν
(
1
2ξ
(
−→
F τβγh
βγ
)
F()
(
−→
F τρσh
ρσ
)))
+
δΣ
δLσ
δΣ
δCσ
+
1
ξ
F()
−→
F τµνh
µν δΣ
δC¯τ
. (5.8)
But
δ
δhµν
(
1
2ξ
(
ητβ∂γh
βγ
)
F()
(
δτρ∂σh
ρσ
))
=
1
2ξ
ητβδ
τ
ρ
δ
δhµν
[(
∂γh
βγ
)
F() (∂σh
ρσ)
]
=−
1
2ξ
ηρβ
[
δhβγ
δhµν
∂γ (F() (∂σh
ρσ)) +
δhρσ
δhµν
∂σ
(
F()
(
∂γh
βγ
))]
, (5.9)
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after applying integration by parts before functional differentiation once in the first
term and 2n+1 times in the second term and using the Leibniz rule. We see that the
first term is equal to the second term, thereby eliminating the 1
2
factor. Performing
integration by parts one final time, we obtain the relation
δΣ
δKµν
δΣ
δhµν
+
δΣ
δLσ
δΣ
δCσ
= 0 . (5.10)
We also have that
−→
F τµν
δΣ
δKµν
=
−→
F τµν
δΣ˜
δKµν
= δτµ∂ν
δΣ˜
δKµν
= ∂ν
δΣ˜
δKτν
= ∂ν (D
τν
α C
α)
=
δΣ˜
δC¯τ
=
δΣ
δC¯τ
. (5.11)
To prove that the metric
[Πµ≤νdh
µν ] [dCσ]
[
dC¯τ
]
(5.12)
is BRS invariant, we must show that the corresponding Jacobian, detJ , is equal to 1.
We have that ∫
d4x∂αC
α = 0 (5.13)
by the divergence theorem. Then
δ2Σ˜
δK(µν)δh(µν)
=
δ
δh(µν)
(
D(µν)α C
α
)
=
δ
δh(µν)
((
∂αC
(µ|hα|ν) + ∂αC
(ν|hα|µ) − Cα∂αh
(µν) − ∂αC
αh(µν)
))
= 0 , (5.14)
δ2Σ˜
δCσδLσ
=
δ
δCσ
(
∂βC
σCβ
)
=
δ
δCσ
(
−Cβ∂βC
σ
)
= −
δCβ
δCσ
∂βC
σ − ∂βC
β
= 0 , (5.15)
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by the relation above, the Leibniz rule, the anticommuting property of the ghost field
and by integrating by parts where appropriate. The parentheses surrounding the
indices indicate that the summation is to be carried out only for µ ≤ ν.
Then
detJ =
∣∣∣∣∣∣∣
δ(hµν+δBRSh
µν)
δhαβ
δ(hµν+δBRSh
µν)
δCγ
0
0 δ(C
σ+δBRSC
σ)
δCγ
0
δ(C¯τ+δBRSC¯τ)
δhαβ
0
δ(C¯τ+δBRSC¯τ)
δC¯δ
∣∣∣∣∣∣∣
= det(I + A)
= exp(Tr(log(I + A)))
= 1 + TrA +O(A2)
= 1 +
(
δ2Σ˜
δK(µν)δh(µν)
+
δ2Σ˜
δCσδLσ
)
δλ
= 1 , (5.16)
using the relations above and employing the series expansion of the log(1+x) function.
We have also used the fact that δλ2 = 0.
Keeping in mind that δBRSΣ˜ = 0 and performing the BRS variation of Σ˜ +
κTµνh
µν + β¯σC
σ + C¯τβ
τ with respect to hµν , Cσ and C¯τ , we obtain
N
∫
[Πµ≤νdh
µν ] [dCσ]
[
dC¯τ
](
TµνD
µν
α C
α − β¯σ∂βC
σCβ +
1
ξ
βτF()
−→
F τµνh
µν
)
× exp
[
i
(
Σ˜ + Tµνh
µν + β¯σC
σ + C¯τβ
τ
)]
= 0 , (5.17)
where we have expanded up to first order in the generating functional (δλ2 = 0).
Changing variables does not change the value of the generating functional, while the
measure does not change too. It is assumed that δλ anticommutes with β¯σ and β
τ .
By varying Σ˜+Tµνh
µν + β¯σC
σ+ C¯τβ
τ with respect to C¯τ → C¯τ + δC¯τ , we get the
ghost equation of motion:
N
∫
[Πµ≤νdh
µν ] [dCσ]
[
dC¯τ
]( δΣ˜
δC¯τ
+ βτ
)
exp
[
i
(
Σ˜ + Tµνh
µν + β¯σC
σ + C¯τβ
τ
)]
= 0 ;
(5.18)
this equation comes from expanding the generating functional up to first order (δC¯2τ =
0) and writing the variation δΣ˜ + δC¯τβ
τ as δC¯τ
(
δΣ˜
δC¯τ
+ βτ
)
(δC¯τ is arbitrary so it
cancels). Shift invariance being the defining property of the Grassmann integral, the
value of the generating functional does not change. The measure also stays the same.
The generating functional of connected Green’s functions is
W [Tµν , β¯σ, β
τ , Kµν , Lσ] = −i logZ[Tµν , β¯σ, β
τ , Kµν , Lσ] . (5.19)
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We observe that
Tµν
δZ
δKµν
− β¯σ
δZ
δLσ
+
1
ξ
βτF()
−→
F τµν
δZ
δTµν
= 0 , (5.20)
making use of the couplings. The same equation holds for W in the place of Z.
By the same argument as above, we obtain the ghost equation of motion:
κ−1
−→
F τµν
δW
δKµν
+ βτ = 0 . (5.21)
5.2 Proper Vertices
The expectation values of the gravitational, ghost, and antighost fields are
< hµν(x) > =
δW
κδTµν(x)
, (5.22)
< Cσ(x) > =
δW
δβ¯σ(x)
, (5.23)
< C¯τ (x) > = −
δW
δβτ (x)
. (5.24)
We have assumed that the ghost field anticommutes with β¯σ and that the antighost
field anticommutes with βτ .
The generating functional of proper vertices is
Γ˜[hµν , Cσ, C¯τ , Kµν , Lσ] = W [Tµν , β¯σ, β
τ , Kµν , Lσ]− Tµνh
µν − β¯σC
σ − C¯τβ
τ . (5.25)
The dual relations are
Tµν(x) = −
δΓ˜
δ < hµν(x) >
, (5.26)
β¯σ(x) =
δΓ˜
δ < Cσ(x) >
, (5.27)
βτ (x) = −
δΓ˜
δ < C¯τ (x) >
. (5.28)
We also have that
δΓ˜
δKµν(x)
=
δW
δKµν(x)
, (5.29)
δΓ˜
δLσ(x)
=
δW
δLσ(x)
. (5.30)
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Obtaining the relations
δΓ˜
δKµν
δΓ˜
δhµν
+
δΓ˜
δLσ
δΓ˜
δCσ
+
1
ξ
F()
−→
F τµνh
µν δΓ˜
δC¯τ
= 0 (5.31)
and
−→
F τµν
δΓ˜
δKµν
−
δΓ˜
δC¯τ
= 0 (5.32)
is trivial.
Let us now define a reduced generating functional of proper vertices,
Γ = Γ˜ +
1
2ξ
(
−→
F τµνh
µν
)
F()
(
−→
F τρσh
ρσ
)
. (5.33)
Following exactly the same argument as for the reduced effective action, we get
the Slavnov identity
δΓ
δKµν
δΓ
δhµν
+
δΓ
δLσ
δΓ
δCσ
= 0 (5.34)
and the ghost equation of motion
−→
F τµν
δΓ
δKµν
−
δΓ
δC¯τ
= 0 . (5.35)
5.3 Local Solutions
Let us write G as
G = G1 + G0 , (5.36)
where
G1 =
δΣ
δhµν
δ
δKµν
+
δΣ
δCβ
δ
δLβ
(5.37)
and
G0 =
δΣ
δKρσ
δ
δhρσ
+
δΣ
δLτ
δ
δCτ
. (5.38)
We have that G2 = (G1 + G0) (G1 + G0) = G
2
1+G1G0+G0G1+G
2
0 = G
2
1+G1G0+G0G1,
since G0 is nilpotent. If we act on the relation
δΣ
δKµν
δΣ
δhµν
+
δΣ
δLσ
δΣ
δCσ
= 0 (5.39)
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with δ
δC
, δ
δL
, δ
δK
, δ
δh
(indices are suppressed) where appropriate, then we get
G2 =
(
δΣ
δhµν
δ
δKµν
+
δΣ
δCβ
δ
δLβ
)(
δΣ
δhρσ
δ
δKρσ
+
δΣ
δCτ
δ
δLτ
)
+
(
δΣ
δhµν
δ
δKµν
+
δΣ
δCβ
δ
δLβ
)(
δΣ
δKρσ
δ
δhρσ
+
δΣ
δLτ
δ
δCτ
)
+
(
δΣ
δKρσ
δ
δhρσ
+
δΣ
δLτ
δ
δCτ
)(
δΣ
δhµν
δ
δKµν
+
δΣ
δCβ
δ
δLβ
)
=
δΣ
δh
(
δ2Σ
δKδh
δ
δK
+
δΣ
δh
δ2
δKδK
+
δ2Σ
δKδC
δ
δL
+
δΣ
δC
δ2
δKδL
)
+
δΣ
δC
(
δ2Σ
δLδh
δ
δK
+
δΣ
δh
δ2
δLδK
+
δ2Σ
δLδC
δ
δL
+
δΣ
δC
δ2
δLδL
)
+
δΣ
δh
(
δ2Σ
δKδK
δ
δh
+
δΣ
δK
δ2
δKδh
+
δ2Σ
δKδL
δ
δC
+
δΣ
δL
δ2
δKδC
)
+
δΣ
δC
(
δ2Σ
δLδK
δ
δh
+
δΣ
δK
δ2
δLδh
+
δ2Σ
δLδL
δ
δC
+
δΣ
δL
δ2
δLδC
)
+
δΣ
δK
(
δ2Σ
δhδh
δ
δK
+
δΣ
δh
δ2
δhδK
+
δ2Σ
δhδC
δ
δL
+
δΣ
δC
δ2
δhδL
)
+
δΣ
δL
(
δ2Σ
δCδh
δ
δK
+
δΣ
δh
δ2
δCδK
+
δ2Σ
δCδC
δ
δL
+
δΣ
δC
δ2
δCδL
)
= 0 . (5.40)
The equation above leads us to consider local solutions to the renormalisation equation
of the form
Γ
(n)
div = S(h
µν) + G[X(hµν , Cσ, C¯τ , Kµν , Lσ)] , (5.41)
where S is an arbitrary gauge-invariant local functional of hµν and its derivatives, and
X is an arbitrary local functional of hµν , Cσ, C¯τ , Kµν , and Lσ and their derivatives.
Now, to satisfy the ghost equation of motion, we require
Γ
(n)
div = Γ
(n)
div(h
µν , Cσ, Kµν − κ
−1C¯τ
←−
F τµν , Lσ) . (5.42)
The relation above may be verified by substituting the said requirement back into the
ghost equation of motion, using the chain rule and applying integration by parts.
6 Conclusion and Outlook
We have seen that, for L > 1, the loop amplitudes for our infinite-derivative gravita-
tional action are superficially convergent, which is a promising hint as far as renor-
malisability is concerned. Moreover, the infinite-derivative gravitational action is
invariant under the BRS (Becchi-Rouet-Stora) transformations.
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Moreover, we explicitly show that the corresponding Slavnov identities hold for
our action. For a renormalisation program to be successful, this is a prerequisite.
Obviously, the next step would be to compute Feynman diagrams for the theory
and demonstrate that we do not get higher and higher divergences as the loop order
increases. That is, a finite set of counterterms ensures renormalisability. For an
infinite-derivative scalar toy model [13, 14, 15], there have been compelling arguments
that the toy model is UV finite, employing dressed propagators and dressed vertices.
It remains to be seen whether the same line of argument can be carried out for our
infinite-derivative gravitational action.
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